Although the field of comparative tax law has achieved greater prominence in legal studies, its methodology is not yet adequately developed. In general, work in comparative tax has not focused adequately on specific features of tax law. This paper proposes a comparative methodology specifically designed to make use of this unique relationship between tax law and private law. Based on a historical overview of comparative tax law and its methodology, it proposes the adoption of the numerical concept of elasticity, regularly used in mathematics and economics, for tax comparisons. This numerical tool, which measures how changing one variable affects others, seems to be particularly suitable to analyse the interaction of tax provisions with underlying private law concepts in a systematised manner. Used as a thought pattern and a foundation for future work, such a numerical analysis is able to identify interrelations between tax law and its private law environment that are likely to be overlooked by classical text-based comparisons. This can aid legislative reform, as it reduces its`trial-and-error' aspect. At the same time, the numerical approach disassociates comparative analyses from the impreciseness of text-based data.
Introduction
Although the field of comparative tax law has achieved greater prominence in legal studies, its methodology is not yet adequately developed. This deficiency can be remedied by focusing on the specific relationship of tax law and private law as well as on legislators as addressees of comparative results.
In the majority of cases, the methods of general comparative law are transferred to tax comparisons without appropriate reflection.
1 Such parallelism of methods, however, is in danger of overlooking one of the main specificities of tax law: its unique connection to private law. Compared to other areas of law, tax provisions are not structured as much around factual scenarios. Rather, they rely on the legal prestructuring of reality that private law provides. Tax provisions usually refer to private law terms and concepts, such as the concepts of corporations and partnerships in income tax, the conclusion of a contract in property transfer tax, and ownership in property tax.
At the same time, the lack of a specific methodology often results in tax comparisons being influenced by national perspectives. Often, comparisons are conducted to provide insights into the researcher's own jurisdiction. The differences with foreign law are used to identify the specificities of the researcher's own national laws. The subsequent analysis of this legislation, however, is typically based on purely domestic non-legal factors, such as national political or economic circumstances. In this regard, the comparative perspective does not add anything essential to the analysis.
However, a specific function can be assigned to comparative tax law by stressing its addressees: national legislators. Legislators require knowledge about their tax system that is not just descriptive, but that explains the possibilities for legal reform. Therefore, they need to know how tax law relates to other fields of law. Comparative tax law at its current stage, however, merely describes the differences between foreign legal concepts and ideas. It does not interrelate these concepts with their respective legal environment. This is where the connection between tax law and private law comes in. By analysing the relationship between a superordinate tax law concept and a given private law concept across several jurisdictions, unique comparative knowledge can be obtained that is not connected to a particular jurisdiction. Such an analysis identifies interrelations between tax law and its legal environment that are likely to be overlooked by comparisons that adopt a domestic perspective. In this way, comparative analysis produces systematised results that separate a tax law concept from the characteristics of the national legal system in which it was developed; the concept becomes convertible. Such comparative knowledge allows legislators to introduce new concepts into their tax system, or adapt existing provisions, while avoiding conflicts with the national private law. To a certain extent, such preparatory works reduce the aspect of`trial-and-error' in legislative reforms. 2 In order to make use of the relationship between tax law and private law for purposes of comparative law, this paper proposes to adopt the concept of elasticity, regularly used in mathematics and economics, for analysis in comparative tax law. In economics, elasticity is the measurement of how changing one economic variable affects others.
3 An elastic variable is one which responds more than proportionately to changes in other variables, while an inelastic variable is one which changes less than proportionately in response to changes in other variables. This method can provide a numerical systematisation of the effects of changes of one concept to other concepts. By using this mathematical model as a thought pattern and a foundation for future work, the interaction of tax provisions with underlying private law concepts can be examined in a systematised manner. In short, the elasticity approach measures the influence of private law on the shape and effectiveness of tax law provisions.
Based on these assumptions, the methodological background of comparative tax law will be addressed in two steps. The paper first examines the historical evolution of comparisons in the field of tax law. This historical development is not characterised by a replacement of methods, but by a consistent development of comparative techniques. For the most part, the different stages constitute a consistent system whose steps are the archetype of every comparison.
Initially, comparative tax law had a mere descriptive character. It was little more than a recording of the different provisions in national jurisdictions (below at §2). In the second stage, the wording of different provisions was compared from a functional point of view (below at §3). The third stage, which is the current stage of comparative tax law, focuses on models that are able to explain and evaluate the similarities and differences identified by text-based comparison (below at §4). This third stage, unlike the first two, is characterised by a diversity of methods. These methods, however, are also used in comparative law in general. Approaches that focus on the specificities of tax law are exceptional. This is why this article, in its second part, will seek to develop a methodology specific to comparative tax law (below at §5). It proposes to adopt the notion of elasticity, as this concept allows us to examine the specific interrelation between tax law and private law and to consider the special characteristics of tax law. At the same time, the interpretation and systematisation of comparative results by a numerical approach disassociates them from the impreciseness of text-based data. 
Description of foreign law
The first systematic approaches to comparative tax law were developed during the interwar period, largely through the work of the German tax administration and academia in financial science which was institutionalised in the Treaty of Versailles.
5 To ensure the payment of reparations, the treaty provided that the overall German tax burden should be equal to the highest tax burden in the victorious powers. 6 In order to determine the minimum tax burden in the Weimar Republic, a comparison with the tax burdens in other states was necessary. The German tax administration was obliged to conduct regular international comparisons of tax burdens, for which it partly relied on academic research in financial science. Germany's capacity to pay, the Commission shall examine the German system of taxation, first, to the end that the sums for reparation which Germany is required to pay shall become a charge upon all her revenues prior to that for the service or discharge of any domestic loan, and secondly, so as to satisfy itself that, in general, the German scheme of taxation is fully as heavy proportionately as that of any of the Powers represented on the Commission.' Under Annex 2, Art 2(1) delegates to the commission would be nominated by the United States of America, Great Britain, France, Italy, Japan, Belgium and the Serb-Croat-Slovene State. 7 See Statistics Agency of the German Reich, Internationaler Steuerbelastungsvergleich (1933) 6ff.
On the state-of-the-art public economics that at that time formed the basis for the Statistics Agency, see E Seligman,`Comparative tax burdens in the twentieth century ' (1924) These analyses inevitably required a knowledge-at least a basic one-of foreign tax systems. The textual description of foreign laws was therefore a regulatory task of the tax administration. Tax academics, however, used text-based national reports merely as preparatory works for the comparisons of tax burdens that were nearly exclusively focused on the tax rate. The text-based results were not considered as having any independent value. 8 In fact, the different tax systems were compared on a mere quantitative basis. Qualitative aspects that are essential for comparative legal science were disregarded.
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To a certain extent, the League of Nations went beyond a mere collection of data. It focused on the avoidance of international double taxation and the development of a model tax convention.
10 Not only were national provisions with an international scope examined, but also the tax systems as a whole, using an encyclopaedic approach.
11 Later, the description of national tax law was disassociated from its initial purpose as a preparatory work. In light of the global economic crisis at that time, the League of Nations focused on tax legislators as the addressees of the results of comparative analyses. In the view of the League of Nations, tax provisions that had been adapted to the changes in the global economic environment should have served as a model for reforms in other jurisdictions.
12 Unfortunately, the development of a corresponding comparative 8 Lindahl, above n 7, 33, had already suggested skipping the text-based analysis and advancing to the charts on tax burdens. 9 Purely quantitative approaches are closely related to public finance. However, if quantitative data is then again used as the basis for a qualitative comparison, this would be comparative law based on a realistic approach. Comparative aspects, however, did not play a significant role in legal realism at that time. H Kantorowicz,`Some rationalism about realism ' (1933) Foreign and National Enterprises, vols 1-3 (1933) , which was published in the Series of League of Nations Publications. This publication covers, besides the most important European tax systems, Canada, Mexico, Japan, South Africa and the US. Cf from the same period Rmethod was frustrated by the outbreak of the Second World War.
Text-based comparison and functionalism
In the post war period, tax scholars began to comprehensively define international similarities and national specificities based on descriptive data concerning foreign tax law. 13 This development, much like contemporary comparative tax law, was considerably influenced by the International Fiscal Association (IFA). Through its congresses, the IFA produces general reports, which are of crucial importance to comparative analyses since they build on nationals reports that provide systematic descriptions of foreign tax laws. In most cases, however, the general reports limit themselves to descriptions of similarities and differences between tax regimes.
14 Such a method bears the risk of being exclusively focused on the technicalities. The knowledge that it produces is of limited use to practical application and legal reforms.
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Besides text-based comparisons, the IFA applies the functional method that has a predominant position in comparing private law. 16 From the beginning, IFA congresses have focused on practical questions. This focus confines the national reports to providing specific legislative reactions to the questions posed by the congresses, preceding the actual comparison. 17 In this way, functionalism 13 An early example of a text-based comparison is A Hoffmann, Die Besteuerung des Gewinnes der kaufmännischen Unternehmung im Ausland (1934) 287ff. P di Malta, Droit fiscal européen comparé (1995), however, still remains on the descriptive level. 14 See e.g. R Patrick,`General report ' (1980) 23 These methods are also used in comparative law in general. On the one hand, this avoids having to rely on functionalist techniques. On the other, these general instruments of comparison do not always take into account the specificities of tax law, which creates a number of risks.
First, applying a plurality of methods harbours the risk of diffused results. As is the case with other fields of law, the similarities and differences between legal systems can be explained by a range of social, political and economic circumstances. While tax law is closely connected to economic circumstances, this connection is not an exclusive one. Company law, the law of economic offences, social security regulations and many other fields offer a comparable environment.
Second, contemporary approaches to comparative tax law use textual comparisons to identify those parts of the studied object to which the different nonlegal methods have to be applied. 24 Their application, however, is not a comparison as such. Sociological, political or economic techniques are monodimensionally applied to different national rules. They are primarily used to explain the concrete shape of a national provision. This can also be done from a purely domestic perspective. The connection of a tax provision to certain sociological, political or economic circumstances analyses only one jurisdiction at a time and in general P Legrand,`Comparative legal studies and commitment to theory ' (1995) therefore-in the majority of cases-relies on univariate data. 25 Such data, however, does not lead to true comparative or universal knowledge that goes beyond one particular jurisdiction.
Elasticity as a multivariate method
These methodological deficits can be reduced by adopting a multivariate method of analysis, focusing on the interrelation of tax law, private law and, especially, company law. This means that the object of comparison not only encompasses the specific tax provision, but also its (private law) environment. The problem is how to methodologically deal with such multivariate data. A possible solution is to make use of mathematical and economic elasticity to analyse the relationship between two variables. By using this method as a cognitive model for legal analyses, we can place a numerical level between the text-based comparison and the legal interpretation of the results. Such a threefold comparison fulfils two purposes: on the one hand, two sets of data can be logically interrelated; on the other hand, the connection between tax law and private law can be included in the comparison.
Multivariate analyses as a challenge for legal comparisons
As we have seen, neither functionalist nor`postmodern' approaches to comparative tax law necessarily rely on comparative methodologies. As a result, their findings remain confined to the particular jurisdiction under investigation. Legal comparison, however, can be used to obtain genuine comparative knowledge. Such`universal' information is not related to a certain legal environment, national conditions or domestic institutions. It can be applied in every jurisdiction. One possible way to acquire such knowledge is multiplying the perspective of comparison. The comparative basis can be broadened by interrelating modifications and similarities of national tax provisions on the one hand, and the wider legal environment on the other. 26 In contrast to`postmodern' approaches, this multivariate model does not aim to explain differences and similarities through a range of non-legal methods. Rather, it entails the systematisation of the multidimensional interaction of certain parts of a legal provision with other areas of law. This system permits the creation of a universally applicable model that is completely disassociated from national law; it can adapt to different situations based on knowledge acquired by a genuine comparison of law.
However, such multivariate data is difficult to derive from qualitative, text-based analysis. Qualitative research often fails to differentiate between, on the one hand, the relations between different national tax regimes, and on the other, the links with their respective legal environments. Without a clear systematisation, the numerous levels of analysis easily become confused. In addition, the systematisation of the results is jeopardised by different legal vernacular among legal systems; each legal system employs its own words, which may be different from each other even when concepts they refer to are the same. A mechanism is thus needed that is able to consistently and coherently systematise the different relations existing among the results of the text-based comparison.
In order to avoid the imprecision of text-based analyses, it would make sense to partly disassociate the comparison from the purely qualitative level and to enrich it with quantitative characteristics. An example of such a method is the research of Ekkehart Reimer. Reimer deals with the implementation of taxation on a net basis in the field of income from employment. 27 In order to make the different national concepts comparable, he uses quantitative indicators (1 to 3) to display the different grades of deductibility of the expenses included in the analysis.
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The most important aspect of such a method is the transfer of text-based results into numerical indicators. The sensibility of this transfer is highlighted by the fact that the determination of the indicators is dependent on a qualitative evaluation. 29 It is crucial, however, that the translation of qualitative results to quantitative data is based on consistent criteria. These criteria have to lead to reproducible results that constitute a valid basis for the comparability of the data.
Such a transfer is possible with deductible expenses. The need for a more or less freehand transfer as used in the analysis of Reimer is not essential. The chosen part of the income from employment is widely characterised by a numerical basis. In theory, the indicators that function as a link between language and numbers could, without major difficulties, be made obsolete by using empirical data. example, the grade of deductibility could be reflected in absolute numbers or in relation to the tax base, to the tax debt or the average purchasing power.
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Reimer's method, however, is necessarily based on legal provisions whose effects can be expressed in numbers. In the special case of deductibility of expenses, the use of indicators may lead to valid results. The univariate indicators, however, ignore the non-numerical parts of the provision under analysis, as well as its legal environment. 31 Without major adaptations, such a methodology cannot be applied to provisions with exclusively qualitative effects; nor is it possible to include the interaction of the compared object with other fields of law. Hence, a transfer of this approach to comparative tax law in general does not seem to be appropriate. As regards other areas of law, the use of quantitative indicators is of even less use.
A solution to this dilemma can be found in mathematics. The mathematicaleconomic concept of elasticity measures how changes of a certain parameter affect another variable. Used as a thinking model, this ratio fits with the idea of comparative tax law as an analysis of the interrelation of different tax provision and their legal environments. In contrast to the indicators Reimer uses, such a method can also be applied to provisions whose effects cannot be fully expressed in numbers.
Similar to the problems faced by the indicators, the use of the concept of elasticity requires a consistent and coherent algorithm to translate the results of text-based comparisons into a numerical system. A quantitative model based on these premises offers the opportunity to logically systematise the interrelation of a tax concept with other (not necessarily tax-related) concepts. As a final outcome, this model can be an instrument to empirically determine if and to what extent there is a connection or conflict between the tax provision under comparison and the legal environment included in the analysis.
In order to transfer this model-originally exclusively based on numerical data-to comparative tax law, the mathematical concept of elasticity has to be examined (below at §5.2). Secondly, the numerator and the denominator, i.e. the dependent variable and the given parameter, have to be defined for the use of comparative tax law (below at §5.3.1-2). As regards the specific elasticities, the impreciseness of the data of the text-based comparison results in a twofold 30 This approach is followed by a project sponsored by the German Research Foundation:`Taxation of employment income on gross or net basis? The development of a quantitative methodology of comparative tax law' . See <http://gepris.dfg.de/> [accessed 30 October 2012]. 31 Reimer, above n 27, *126ff indicates that the interaction of the different tax deductions with social law is not included in the analysis.
binary approach. The concept under analysis is either identical in the compared jurisdictions or it is subject to change. Therefore, changes of the concept can only be measured on a nominal scale, i.e. by`+' and`-' , but not regarding their extent (below at §5.3.3).
Mathematical elasticity
In a nutshell, the mathematical concept of elasticity describes the changes of variables that are functionally connected. In particular, it is used by economists in order to describe and systematise the reactivity of economic variables. 32 The basic definition of elasticity (ε), the arc elasticity, compares the impact of the given changes of the parameter on the variable under analysis. It is defined by the ratio of the relative change of a dependent variable ∆y y with respect to the relative change of a given parameter ( ∆x x ).
In order to disassociate this relationship from a concrete change of the parameter, the differences are substituted by differentials. The relationship between y and x is expressed by the formula y = f (x). A change of x (∆x) results in a change of y which is represented by ∆y = f (x + ∆x) − f (x). Thus, a relative change of x by ∆x results in a relative change of y by
In order to adapt this relationship to infinitesimal changes of the parameter (point elasticity), the equation (1) has to be considered under the condition of ∆x → 0. Inserting the equation (1) in (2) leads to:
32 The most prominent example is the price elasticity of demand (x = x(p)) with x defining the quantity demanded of a good or service and p defining its price. Under the condition that
applies, the equation of elasticity for all y with respect to x is
For both types of elasticity, the responsiveness of the dependent variable to changes of the parameter can be classified in five different stages. In the case of ε = 0, there is a perfectly inelastic reaction. The dependent variable is fixed and does not at all react to changes of the parameter. This results in ∆y = 0. In this case, the function y = f (x) is constant. Such a function does not have a slope. This means that the derivative is y = 0.
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If the absolute values of ε lie between 0 and 1 (0 <| ε |< 1), the reaction of the dependent variable (y) is relatively inelastic. There is a change, but its relative value is less than the relative change of the parameter. 34 In the case of | ε |= 1, the responsiveness is unitarily elastic. The relative change of the dependent variable is equal to the relative change of the parameter. 35 If the relative change of y is greater than the relative change of the parameter (| ε |> 1), there is a relatively elastic responsiveness. 36 In extreme cases, a perfectly elastic responsiveness can occur. This means that changes of the parameter-irrespective its value-result in an infinite change of the dependent variable (| ε |→ ∞). 
Transfer to comparative tax law as a thinking model
Since it is a mathematical operation, the concept of elasticity cannot be used as a comparative method without modifications. Such a transfer is not a question 33 Concerning the price elasticity of demand, this means that demand is completely independent from price. Such situations occur in the case of goods that are not substitutable. 34 In this situation, there is only a minor reaction of the consumers on alterations in prices. Such a reaction is caused by price changes of goods that are marginally substitutable (e.g. meat). 35 The demand is linear. A change in prices of one percent results in a change of demand of one percent. 36 Such reactions occur in the case of substitutable goods (e.g. luxury articles). 37 Even a marginal change in prices results in an infinite change of demand. In practice, such a situation may occur if a constant price coincides with perfect substitutability.
of merely applying economic methods to comparative law. 38 Rather, the idea of elasticity, as derived from mathematics and economics, shall be used as a thinking model for a systematisation of tax law comparisons that are still exclusively based on legal methods.
The process of translating law into numbers is merely transitional. It does not represent a self-contained analysis. The idea of elasticity is only to be used as a numerical model to inspire a jurisprudential and therefore qualitative approach to description and systematisation of results of comparative legal study.
39 Such a usage of mathematics does not mean a quantitative analysis of law. Unlike empirical legal studies, the elasticity method does not directly deal with the relationship between law and reality. Rather, it is used as a translational model. In contrast to quantitative methods, the numerical approach is based on data that is not derived from empirical research, but from the transfer of language into numbers.
This approach, however, has to take account of the fact that conclusions drawn from an elasticity-based analysis do not necessarily rest upon causal links. A ceteris paribus perspective (i.e., that all things are held constant except the two variables under analysis) is virtually unachievable in reality. It cannot be assumed that factual or political influences have the same effect on tax law systems across the jurisdictions under comparison.
To some extent, however, a historical perspective offers the opportunity of a ceteris paribus comparison. Provisions that only differ in respect of their period of application, but operate within the same jurisdiction might be compared, under the presumption that the relevant legal and factual circumstances remain constant. The smaller the span of time between the effective dates of the legal provisions, the more probable it becomes that circumstances remain the same. This provides at least some evidential basis for the causality between a change of the dependent variable and a change of the parameter. 40 In the long run, however, even a historical perspective only shows correlations. Whether these interrelations are based on a causal link cannot be proved with absolute certainty. So, in all cases, the conclusions from the analysis of the reactions of the dependent variable to changes of the parameter remain merely indications. Still, as more comparisons are made, a causal link is more likely.
Selecting the dependent variable
The object of the comparison is the dependent variable, i.e. the legal area about which the comparative analysis wants to draw conclusions. Its scope is not determined by a comprehensive set of methods. The dependent variable can therefore be defined without constrictions. It is, however, necessary that it is based on a superordinate concept which connects different sub-concepts. Otherwise, the results of the interrelation of the variable and the parameter are not valid. It would not be possible to understand the differences between jurisdictions as a reaction to a change of the parameter. If we focus on the legislator as addressee of comparative knowledge, two methods of choosing the dependent variable can be used. 41 On the one hand, there is the general functional approach. Its starting point is not a legal question, but a factual problem. The objects to be compared are the functionally equivalent legislative reactions to the chosen factual problem. 42 On the other hand, there is the understanding of comparative law as an observation and description of legal transplants. This method seems to significantly deviate from the functional approach. As explained below, however, it is just a special method to identify legislative reactions to factual problems. 43 These two methods of identifying the object of the comparison differ in respect of their scope. While the understanding of comparative law as an analysis of legal transplants only includes provisions that can be identified as receptions of foreign law, the functional approach embraces legal concepts that deal with the same factual problem, but do not originate from an import of foreign law. This difference can be illustrated by the different legislative reactions to tax avoidance techniques, such as the establishment of corporations in low tax jurisdictions. 44 Legislative answers to this problematic either consist of specialised regimes, so-called controlled foreign company rules, which are based on concepts initially developed in the US 45 , or the application of pre-existing general anti-avoidance rules.
46 While a comparison based on the functional method would include both types of rules, the approach focusing on legal transplants would only compare provisions dealing with controlled foreign companies in particular. Only these legislative instruments can be qualified as following from a transfer of concepts.
Nevertheless, the two approaches do not exclude each other.
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Legal transplants have to be understood as specific reactions of national legislators to a particular factual problem. In both approaches, the object of comparison is the legal reaction to a factual problem. The analysis of legal transfers merely contains an additional restriction. Hence, understanding comparative law as research on legal transfers can be conceived as a special method of identifying the objects of the comparison that is a subset of the functional approach and does not conflict with this approach. 44 In principle, income derived by such companies is only taxed at the low rate of their residence state. As long as the income is not distributed as a dividend, the shareholder's residence state is not entitled to tax. However, since the company is controlled by one or only a few shareholders, the time of the distribution is at their discretion. 45 
Selecting the given parameter
Besides the legal level, it is also possible to use factual criteria as a given parameter. The specialties of tax law, however, suggest the use of private law concepts. The unique connection of these two areas of law particularly requires a perspective that is not limited to one dimension. 49 This purpose is fulfilled by the multivariate numerical based comparison. By comparing both national tax provisions and its private law environment, this method is able to draw conclusions about the grade of connection between these two areas of law.
For this purpose, the elasticity analysis does not require the synchronisation of legal terms in tax law and private law. Such synchronisation is virtually impossible in tax systems that apply in more than one private law jurisdiction.
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Even within a single jurisdiction, the fields of tax law and private law may differ in their understanding of particular legal terms and concepts. 51 In the end, however, all tax systems use the legal structure of reality that private law provides: they all rely on notions such as ownership, property, and the idea of the corporation. However, all the different legal systems do so to a different extent. It is exactly these nuances that make the relationship between tax law and private law so suitable for an elasticity analysis: a change in private law will affect tax law differently in different legal systems. If the legal effects of a change in private law were invariably transferred to tax law without alterations, there would always be a proportional relationship between the dependent variable and the given parameter. The elasticity as a dynamic analysis would be deprived of one of its prerequisites. There would be no gradation of the reactions of one variable to the other. At the same time, the connection between tax law and private law is sufficiently close to warrant an elasticity analysis. This makes it possible to understand a change of the dependent variable (a tax law provision) as indicated by changes observed in the parameter (the private law environment). These indications make a causal link probable.
In order to guarantee a sufficient-and at the same time not too closeconnection between the two variables, the selection of the given parameter requires a pre-comparison on a macro level. This comparison is necessary to de- Bundessteuerblatt II 212, 213 there is no general assumption that terms of a tax act that also occur in private law have the same meaning in both legal areas.
termine which private law concepts significantly interrelate with the dependent variable, i.e. the tax law concept. In general, both variables may neither be isolated nor characterised by a strict nexus. The elasticity analysis, however, does not require an interrelation between the two variables in every jurisdiction included in the comparison. A partial missing of an interaction makes the comparison especially valid in respect to tax systems in which the same tax concept shows an interrelation with private law. Hence, the macro comparison fulfils the purpose of providing for an adequate variety of dependent variables, parameters and interrelations among these concepts.
The different grades of elasticity
The next step in developing a comparative method out of the mathematical concept is to transfer the observed reactions of a tax law concept to the changes of the underlying (private law) concept. They must be translated into the different mathematical grades of responsiveness. In doing so, the most challenging issue is the difference in methodological`languages' . While the mathematical concept of elasticity is based on a purely quantitative method, comparative law is-up to now-exclusively governed by qualitative linguistic methods. While mathematics always gives exact results, findings based on language data are, especially in their peripheral parts, interpretable and often not completely sustainable.
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The ambiguity of purely linguistic data of text-based comparisons does not allow an exact numerical translation. To some extent, this problem can be solved by a binary perspective. Such a perspective is solely focused on extremes and does not deliver a gradual translation. Thus, unlike mathematical elasticity, comparative elasticity is not based on ratio scales, but on interval scales. This difference, however, does not make the use of elasticity inappropriate a priori. For elasticity to be useful in comparative law, the mathematical model does not have to be translated exactly. In comparative law, elasticity fulfils a mere systemising and documenting function, aimed at achieving consistent results. Thus, it is used to translate language into numbers, which then become the basis of a legal comparison. For elasticity to fulfil this function, it does not need to operate on a ratio scale, but can use a nominal scale.
Thus, a numerical comparison is based on only two statuses. There can either be`difference'
Regarding the first situation (`difference'), the changes of the dependent variable and the given parameter can be specified by:
The indices i, j, k and l allow for the territorial and temporal allocation of the concept under comparison. i and k define the respective jurisdiction while j and l denominate the date when the concept is examined. The latter two indices make it possible to include a intertemporal perspective which allows for comparisons over time. Such intertemporal comparisons combine comparative law and legal history.
The possible values of the elasticity result from the following function
There is, however, a need for a point of reference. Without such a point, the numerical value of the change of the dependent variable cannot be precisely determined. This does not mean, however, that the numerical translation is confined to
= 0. In fact, it is possible to modify the binary approach by enriching it with tendencies, i.e.`+' and`-' , derived from the qualitative results. Such tendencies can be figured out by taking a particular national tax mechanism as the starting point of the analysis. The comparison will now give insights about the modifications seen from the perspective of that mechanism.
Thus, the decisive criterion that determines the algebraic sign of the variable is the affiliation to the initial tax mechanism represented by y k,l . This makes it possible to distinguish between endogenous and exogenous modifications of the dependent variable. The demarcation between both types of modifications is characterised by the affiliation to another mechanism also being part of the same superordinate concept. While endogenous modifications are developed out of the specific mechanism itself, exogenous modifications are transferred from another mechanism. It has to be borne in mind, however, that determining the respective affiliation is still based on a mere qualitative comparison.
Modifications that are solely related to the initial point of reference sustain this mechanism as such and are not related to another mechanism. Such endogenous adaptations mean a`plus' for the initial mechanism since it is developed internally. This is expressed by the term y i,j > y k,l . The relative change is defined by
On the contrary, exogenous effects can be observed if the modifications are related to another mechanism. Being an aliud from the perspective of the initial mechanism, these partial or total replacements result in a`minus' . There is no development of the mechanism as such, but an insertion of external elements.
Seen from the point of reference y k,l , the variable y i,j is determined by the grade of the replacement. In the case of a partial replacement, the variables are determined by y i,j < y k,l ∧ y i,j = 0. The elasticity is
In the case of a total replacement, the perspective of the initial mechanism (y k,l ) leads to y i,j = 0. This reflects the fact that this mechanism (y i,j ) does not contain any elements of y k,l . The relative change of the dependent variable is calculated as follows:
In theory, the changes of the given parameter could also be differentiated into endogenous and exogenous modifications. The scope of the analysis, however, does not necessarily demand such a differentiation. It is mainly aimed at examining the dependent variable and its modifications and not at the legal environment as such, i.e. the parameter. This simplifies the comparative process. The findings are still controllable and can therefore constitute an appropriate basis for subsequent qualitative analysis. This means that the denominator of the elasticity function is characterised by a binary perspective. Either both jurisdictions differ or they are identical. Since there will virtually never be a perfect congruence, the grade of difference representing the demarcation between`difference' and`congruence' is determined by qualitative analysis. The researcher has to decide whether the situation in one jurisdiction significantly resembles the situation in the other jurisdiction or whether there is a significant difference. In analogy to the total replacement of the dependent variable, a difference means x i,j x k,l and x i,j → 0. In the case of a congruence, the given parameters are characterised by x i,j → x k,l . Thus, the denominator of the elasticity function can have two different values:
Although infinitely small, the values of the latter equation are negative. A total congruence is virtually impossible, which leads to x k,l > x i,j . Inserting the two different possibilities into the elasticity function results in:
The different elasticities of the dependent variable result from the combination of the three different types of relative changes on the one hand, and the two values of the denominator, i.e. the relative changes of the given parameter, on the other. In the case of a coincidence of an endogenous modification and of a difference of the parameters, the elasticity calculates as
If a partial replacement of the dependent variable meets a change of the given parameter, the elasticity is defined by
In the case of a total replacement of the dependent variable, it is defined by
The mathematical concept of elasticity does not address the question whether the dependent variable increases or decreases. It exclusively works with absolute values. Therefore, it cannot be transferred to the concept of exogenous and endogenous changes without adjustments. For the purposes of this transfer, the situation of a total replacement can be used as a point of reference. In this case, the mathematical concept can be applied without alterations. The dependent variable nearly reacts unitarily elastic. Changes of the given parameter are followed by a total replacement of the dependent variable. This relationship indicates that both variables under analysis, i.e. the national provisions, are connected to their respective parameters, i.e. the legal environment, in such a close manner that not even a partial replacement would allow for an adaption to another legal environment.
Transferring this interrelation to the concept of elasticity as whole means that, in the case of a difference of the given parameters, the results represent the extent to which the dependent variable reacts by replacements from other mechanisms: the more elastic the reaction, the closer the relationship between the given parameter and the tax mechanism. This thought determines the modifications of the mathematical concept. For purposes of comparative law, the demarcation is not determined by | ε x,y |< 1 and | ε x,y |> 1, but by negative and positive results. This means that a relatively elastic reaction is defined by 0 < ε y i,j ,y k,l ,z < 1. The provision under analysis reacts by replacements to changes of the legal environment. There is a loosened relationship of the two mechanisms under comparison to their respective parameters. In contrast to a unitarily elastic reaction, replacements of certain parts of the mechanism enable it to fulfil its function in an altered legal environment.
If ε y i,j ,y k,l ,z is negative (< 0), the variable reacts relatively inelastically. There is only a very limited reaction of the mechanism to a change of the environment. Such a relationship between the dependent variable and the given parameter indicates that the mechanism as such is able to function under both parameters without questioning its identity. The mechanism endogenously adapts to the changed environment and is not influenced by other mechanisms.
In the case of identical parameters in the jurisdictions under comparison, the denominator of the elasticity function approaches 0. This means that the values of ε y i,j ,y k,l ,z are infinite or infinitesimal. This is supported by the fact that the elasticity does not change, no matter which type of exogenous change has taken place. A partial as well as a total replacement leads to ε y i,j ,y k,l ,z → ∞. This means a perfectly elastic responsiveness of the variable to changes of the parameter. Although the changes of the parameter are infinitesimal, the variable changes. This indicates that the mechanism under analysis is very closely connected to its environment. It even reacts to very small changes. A transfer of such a mechanism to another environment does not seem to work without conflicts.
In the case of endogenous changes, the elasticity is defined by ε y i,j ,y k,l ,z → −∞ which means a perfectly inelastic reaction. The variable under analysis is virtually independent from the parameter. Despite the fact that the legal environment in both jurisdictions under comparison is identical, the mechanisms differ. Such modifications of the variable indicate that there is no or only a very limited connection to the given parameter. The changes are probably related to other influences that lie outside the scope of the analysis. As already noted for the parameter, in the vast majority of cases the variable will not be perfectly identical. For the purpose of converting the mathematical elasticity into a legal method, this means that, to a certain extent, differences have to be ignored. It is sufficient that there is a qualified similarity. Systemic differences must be excluded. If the text-based comparison shows such qualified similarities, the variables are characterised by y i,j → y k,l . The relative difference can be calculated using
In addition, it has to be considered that y k,l is the point of reference for y i,j and that a complete congruence is virtually impossible. Thus, from the perspective of y k,l , the variable y i,j is always slightly smaller. This means y i,j < y k,l . As a consequence, the numerator of the elasticity function is both infinitesimal and negative.
The given parameter is still characterised by the binary perspective:
In the case of different parameters, the elasticity is defined by
In contrast to situations in which the variable changes, there is no need to adapt the mathematical values. The infinitesimal data minimises the effect of the negative or positive sign. Just like the mathematical model, ε y i,j ,y k,l ,z → 0 means a perfectly inelastic reaction. The comparison indicates that the mechanism used as dependent variable does not interact with the chosen concept represented by the two parameters. The mechanism seems to operate under both analysed frameworks without relevant malfunctions. This result can also be transferred to a superordinate level. A perfectly inelastic reaction indicates that there is not only no interaction with the two parameters, but also with the underlying concept in total. The more jurisdictions and types of parameters are included in the comparison, the more valid the conclusion.
If the mechanism as well as the parameters do not differ at all, the elasticity analysis fails. The elasticity mathematically converges to 1, but an essential precondition for the model is missing. There is no dynamic. Both x and y are virtually fixed. Even infinitesimal changes do not result in a measurable reaction. Accordingly, there is no leeway for any conclusion on a quantitative basis. At least there is a qualitative indication. The fact that two jurisdictions use virtually identical mechanisms suggests a connection between both areas. There is a certain probability that-in the case of a change of the parameter-the dependent variable would show an elastic reaction. Compared to the quantitative analysis, however, this indication which is solely based on congruence is rather weak. The mechanism and the parameter could also be combined by accident. A perfectly inelastic reaction of the variable is also possible. However, as more jurisdictions are included in the comparison, the conclusion of an elastic reactivity becomes more valid.
Practical applicability and systematisation of the results
This numerical methodology for comparative tax law is particularly helpful to national legislators. Comparative law mainly consists of the analysis of legislative mechanisms enacted in reaction to factual problems. Therefore, legal comparisons are always characterised by the element of lex ferenda. 53 The elasticity analysis can be applied by national tax legislators in two ways. As the League of Nations pointed out, 54 comparative analysis allows a precise as well as systematically consistent implementation of the concept under comparison into other jurisdictions. There is no danger of a rejection of the new mechanism by the legal environment. Already, in the course of the first implementation of a set of rules, the empirically-based indications make it possible to use those parts of a tax mechanism that do not conflict with the respective national system.
As far as provisions already in force are concerned, an elasticity analysis can also be very useful to identify necessary adaptions to the legal environment. This is particularly the case where one national system significantly deviates from the elasticities found in other jurisdictions. A combination of a tax mechanism that shows an elastic relation to a certain parameter with a different parameter indicates insufficient operating capability in practice. Using the results of the comparative analysis, the legislator is able to precisely reform parts of the mechanism by using components that show an elastic relation to the national parameter.
Both purposes of the elasticity analysis are based on the following systematisation of dependent variable and given parameter:
endogenous modification y i,j < y k,l and y i,j = 0 partial replacement
The relation between the dependent variable and the parameter represents the grade of the connection between them. The more elastic the relation, the more the variable's operating capability depends on the legal environment. The precondition of such an analysis is, however, that at least one of the two factors is subject to change. If both are identical, there is only a qualitative indication of a connection. Compared to the results of the mathematical model, this indication is rather weak.
Regarding all other cases, the closest connection between both factors can be found in the case of a perfectly elastic reaction. An infinitesimal change of the legal environment leads to a change of the mechanism which means that the concept which is the object of the analysis is very sensitive as far as the parameter is concerned. National legislators are warned that the mechanism in this shape will most probably not work under different parameters. At the same time, the provisions already implemented have to be carefully monitored in order to be able to swiftly react to probable rejections. In the case of such conflicts, there is the possibility to counteract these by partial replacements. Similar to the qualitative indication above, it should be borne in mind, however, that the results based on infinitesimal changes are only of limited significance. The difference between an infinitesimal change and a perfect congruence is virtually immeasurable. This means that, in this situation, the elasticity analysis is-to a certain extent-lacking its dynamic element.
A far more explicit indication of a connection between the dependent variable and the parameter can be found in the case of differing parameters. Especially perfectly unitarily reactions suggest a close connection. Such a reaction occurs if a difference in the parameter coincides with a total replacement of the variable. This indicates that the mechanism does not work in another legal environment. There is not even the possibility to adapt the mechanism by using partial replacements. As far as already existing provisions are concerned, a unitarily elastic relation indicates that exogenous changes related to another mechanism would result in conflicts with the legal environment.
Such problems do not arise in the case of a relative elasticity. In this situation, the mechanism principally works under different circumstances. It needs, however, stimulus from other concepts that have to be implemented by exogenous replacements. This is also the way to adapt already existing mechanisms to changes of the relevant parameters.
In the case of inelastic reactions, the mechanism only shows a marginal connection to the parameter or no connection at all. In this group, the relatively inelastic reaction is probably the most regular case. Such an interrelation means that the mechanism is able to work although there is an altered legal environment. In order to guarantee its functionality, however, there is a need for endogenous changes. The technical shape of these adaptations is specified by the elasticity analysis which precisely identifies the different solutions of the national legislators. Such a process enables legislative reforms to accurately integrate the mechanism in the national legal environment. At the same time, provisions already in force can be reformed by using the observed alterations while the legal parameters stay the same.
A similar reaction can be observed if the variable stays unaltered although the parameter changes. From the legislator's perspective, this situation differs from the aforementioned one. The comparison does not reveal any variations of the mechanism. The comparison only indicates that there is the possibility to introduce the mechanisms under analysis under different parameters. The jurisdictions included in the comparison do not suggest any potential for an endogenous development of the concept.
Exogenous and endogenous changes do not only differ in respect of the effect on the elasticity. They also have different positions as regards further analysis based on the results of the comparison. In contrast to exogenous replacements, adaptations offer the possibility to acquire positive comparative knowledge. The latter type of modifications does not only indicate inelastic interrelations; it also-positively-offers different potential shapes of the mechanism which can be used by legislators thinking about introducing or redesigning the concept.
With regard to exogenous changes, the comparative knowledge only consists of the identification of a conflict. The mechanism used as a point of reference will not work (properly) under changed parameters. Possibilities for an internal development of the concept are not offered. The national solutions for conflicts only consist in introducing a (partial) aliud. As this aliud is concerned, it merely indicates that it is incompatible with certain legal parameters. There is no positive knowledge for both mechanisms, but only the negative result that certain parts are not functional in a certain environment. Indeed, it has to be noted that exogenous replacements, just as endogenous changes, provide the basis for introducing the concept into a new environment without conflicts. Such a legislative process, however, results in a loss of the identity of the mechanism whose introduction was originally intended by the legislator. There is no positive insight about the further development of the mechanism as such. 
Example: corporate income tax subjects and international company law
A possible area of application of the elasticity method is the relationship between corporate income tax and international company law. In particular, the determination of corporate income tax subjects relies heavily on private law prerequisites. In particular, the international aspects of company law seem to have a tremendous influence on the shape of the personal corporate tax liability. 56 This is why an analysis of the relationship between the mechanisms that determine corporate income tax subjects and the two main concepts of international company law (the`real seat' theory and`incorporation' theory) seems to be fruitful.
In brief, the dependent variable, i.e. the mechanisms identifying corporate tax subjects, can be divided into three groups. Based on private law, taxable 55 The positive and negative components of comparative knowledge are also addressed by Martini, above n 18, 23 and 25ff. 56 companies can either be named (formal designation) 57 or identified by applying substantive private law criteria, e.g. liability or transferability of shares.
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In contrast, the third mechanism applies purely factual criteria to identify tax liability and does not rely on private law at all. An example would be the number of shareholders. 59 Applying the elasticity method on the interrelation of these three mechanisms within the international company law environment (represented by x) leads to the following-highly condensed and simplified-results: In case of identical circumstances in international private law, all results show a perfectly elastic reaction of the mechanism. The comparison resulted in partial or total replacements. This indicates that all mechanisms are very closely connected to either the real seat theory or the incorporation theory. Combined with the results of the text-based comparison, the mechanisms can now be assigned to the respective private law concept which disassociates them from their national roots. Based on this comparative knowledge, tax legislators are now able to precisely decide about the mechanism that does not conflict with the part of the private law environment under analysis.
This result is largely confirmed in the situation of different international company law concepts. Both the formal designation and the use of factual criteria show a unitarily elastic reaction to the international company law theories. Changes of the given parameter are followed by a total replacement of the mechanism by another mechanism. Neither an endogenous development of the mechanism nor a partial replacement by other mechanisms would allow for an adaption to another international company law environment. Only the personal corporate tax liability based on substantive private law criteria shows a different reaction. The mechanism does not react at all to replacements (perfectly inelastic) or it is partially replaced (relatively elastic). This means that this mechanism is able to work under both international private law theories with no or only minor modifications. 61 The combination of this result with the text-based comparison indicates-again by providing comparative knowledge-how this method of determining corporate income tax subjects has to be adapted.
Perspectives of a numerical methodology
Because of the strong connection between tax law and private law, a numerical approach is exceptionally suitable for comparative tax analysis. However, this approach could also sharpen comparative law methodologies in general. Text-based comparative methods aim at the identification of similarities and differences between legal systems. These results are then analysed using methods from other scientific disciplines, such as political science, sociology or economics. This, in essence, is not legal science. A numerical analysis of the similarities and differences, however, offers the possibility to systematise the results of text-based comparisons. At the same time, it multivariately correlates the object of the analysis with other legal concepts. This twofold comparison-substantially applying legal methods-enables comparative law to
